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GLOBAL WELL-POSEDNESS IN THE ENERGY SPACE
FOR A MODIFIED KP II EQUATION
VIA THE MIURA TRANSFORM

CARLOS E. KENIG AND YVAN MARTEL

ABSTRACT. We prove global well-posedness of the initial value problem for a
modified Kadomtsev—Petviashvili II (mKP II) equation in the energy space.
The proof proceeds in three main steps and involves several different tech-
niques.

In the first step, we make use of several linear estimates to solve a fourth-
order parabolic regularization of the mKP II equation by a fixed point ar-
gument, for regular initial data (one estimate is similar to the sharp Kato
smoothing effect proved for the KdV equation by Kenig, Ponce, and Vega,
1991).

Then, compactness arguments (the energy method performed through the
Miura transform) give the existence of a local solution of the mKP II equation
for regular data.

Finally, we approximate any data in the energy space by a sequence of
smooth initial data. Using Bourgain’s result concerning the global well-posed-
ness of the KP II equation in L2 and the Miura transformation, we obtain
convergence of the sequence of smooth solutions to a solution of mKP II in
the energy space.

1. INTRODUCTION

This paper is concerned with the initial value problem (IVP) for a modified
Kadomtsev—Petviashvili IT (mKP II) equation

(1) Opu + 0u + 33;13§u — 6u?0,u + 60,ud; 0yu = 0.

(We explain below what we mean by 9;!.) A first motivation for studying this
equation is its relation with the Kadomtsev—Petviashvili IT (KP II) equation

(2) v + O3v + 35‘;18511 + 6v0,v =0
through the Miura transform:

(3) If u satisfies (1) and v = du + 9, ' Oyu — u?, then v satisfies ().
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This observation was first made by Konopelchenko [I4] (for the reader’s conve-
nience, (@) is proved in Appendix A). Transformation (3] is a generalization of the
well-known Miura transform v = d,u — u?, connecting solutions of the modified
Korteweg—de Vries (mKdV) equation

(4) Oru + éﬁu — 6u?0,u =0
to solutions of the KdV equation
(5) O + 02v + 6v0,v =0

(see Miura [20]).

The mKP II equation is the first equation in the modified KP hierarchy; we refer
the reader to Jimbo and Miura [7] and references therein for the determination
of the KP hierarchies. Several motivations for considering the mKP II equation
are discussed in Konopelchenko and Dubrovsky [I6]: apart from purely algebraic
interests, like the connection to the KP II equation through the Miura transform,
or the development of an Inverse Scattering Transform method for the mKP II
equation, the mKP IT equation may appear in the study of water waves in situations
where a cubic nonlinearity is relevant (as the mKdV equation). In the present paper,
using the mKP II equation, we obtain a new qualitative result on some solutions
of the KP II equation (see Corollary [3]).

The Miura transformation in the context of the KP II equations has already been
studied in the Inverse Scattering Transform literature: see Wickerhauser [26] for
invertibility properties of an operator related to (3], and well-posedness results for
the KP IT hierarchy (and in particular for ({l)) for small and regular data (Theorem
V.3 in [26]). See also Konopelchenko and Dubrovsky [15], [16] for a study of exact
solutions of (@) and ().

Recall that the following quantities are formally conserved for solutions of (2I):

[ewr=[v0), [0 = [0,

/{wﬂw»Z—a@f%MQV—v%w}
:i/ﬂawmﬁfswf%wmffﬁmn.

There are in fact an infinite number of conserved quantities for the KP II equation.
Similarly, the following quantities are conserved through the mKP IT flow:

(6) [eo=[wo.
7) [ {@attp + (o0, )} = Btuto) = B,

To formally see the first conservation, it suffices to multiply equation (1) by
and integrate by parts. The conservation of energy follows for example from the
conservation of L? norm for (Z]) and the Miura transform. (Indeed, formally we have
[ 0,u(8;'0yu) = — [udyu =0 and [(dyu)u® =0.) Observe that the conservation
of E(u(t)) and the Sobolev-type inequality (see [I])

1 1 _ 1
(8) lwllze < Closwl Zallwl} 1105 8ywl|Z
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give uniform bounds on solutions in the energy space £ defined by
£={uecL’R), |lule <oo}, where |ulle=0sulrs+ |[ullrz + 107" 0yulre.

Let us now comment on the notation 9;'9,u: if u € L? is such that %1} €L,

where (&, p) is the Fourier transform of w in the two variables x, y, then we define
the L? function 8;'d,u by 8;'dyu = %£a (of course 8,(9;'dyu) = dyu), thus
(8, '8y) has to be understood as one single operator. Then, 8, '92u can be defined
in the sense of distributions (or as an element of H~1!) as 9,(9; 10,u).

We briefly recall known results concerning the Cauchy problem for the KP II
equation. They are quite satisfactory, since Bourgain [4] proved that the initial
value problem

05 (O + 020 + 6vI,v) + 30%v = 0, teR, (z,y) € R%
(9) v
U(Oa Zz, y) = ’Uo(x, y)7

is globally well posed for initial data vy € L*(R?) (see references in [4] for previous
results). With respect to (2]), the formulation (@) avoids having to give a sense to
0, 16731). Bourgain’s proof and his notion of solution requires the introduction of
specific spaces X** and X;’b C C([0,T], L?), in which a fixed point argument is
performed and local well-posedness is obtained. In particular, uniqueness is known
to hold in X;’b. Global well-posedness is then due to the invariant [v?(t). We
refer to Section 4 for a definition of these spaces and a precise well-posedness result
(see Theorem[7)). Following Bourgain, several authors have studied local and global
well-posedness for initial data in negative exponent Sobolev spaces; see for example
Takaoka and Tzvetkov [24] and Isaza and Mejia [19].
If we consider natural generalizations of the KP II equation, for example

(10) 02 (Opv + O3v + v*0,v) + 3851} =0

for k > 1, classical techniques can be applied to equation (0, for example para-
bolic regularization and energy method provide well-posedness in spaces included
in H5(R?) for s > 2 (see Ukai [25], Saut [23] and Iério and Nunes [6]). Further
well-posedness results are also proved by Kenig and Ziesler [12], [13], using maximal
function estimates. For the generalized KdV equations, the Cauchy problem has
been solved by Kenig, Ponce and Vega [I1] in Sobolev spaces.
We now turn to the initial value problem
(11)
{ Ovu + O3u + 39, 1 92u — 6udyu + 69,ud, 'dyu = 0, teR, (z,y) € R?,
’LL(O, €, y) = UO(:I:’ y)
To our knowledge, apart from Wickerhauser’s result [26] for small and regular data,
no general well-posedness theory has been developed for the IVP (), even for
regular data ug. With respect to (I0), the bilinear term 9,ud, 1d,u creates serious
additional difficulties. For example, differentiating equation (II]) with respect to x
does not get rid of the ;! in the equation, thus one really has to give a sense to
the product 9,ud, *d,u. Another serious difficulty is that the energy method does
not work directly for ([[I)). We thus have chosen to solve this equation by using
the Miura transform (B]). Note that this transformation is not bijective, and so
Bourgain’s result on the KP II equation cannot be used directly to obtain solutions
of ().

Our main result is the following theorem.
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Theorem 1. For any ug € € there exists a solution u € C(R,E)NCHR, H 2(R))
of [ such that the following are true:

(i) Miura transform: If v € C(R, L?) is defined by @), then v is the unique
solution of @) in the class X%, b > % close to %

(ii) Persistence: If Oyug € H® and 0;'0yug € H® for s > 1, then u,0,u €
C(R,H?) and 0;'0,u € C(R, H®).

(iii) Regularity: For any T > 0, there exists a neighborhood V' of ug in € such
that the map Gy — @ is Lipschitz from V to C([-T,T),€).

(iv) Uniqueness: If ,uq € H? and a;layuo € H3, then u is the unique solution
of ) such that d,u € C(R, H?®) and 9, *0yu € C(R, H?).

(v) Conserved quantities: For allt € R, [@) and (@) hold.

(vi) Qualitative behavior: For any 8 > 0, the following holds:

lim (@t 2,9))*+ (05 dyult, z.y))* +u(t, 2, y) +u' (t,2,y) } dedy = 0.
T Jr>pt

Remark 1. Comments about uniqueness. Note that if we define
(12) ¥ = —0yu+ 0, Oyu — u?,

then ¥ is also a solution of (@) in X (see Appendix A). It follows in particular that
the solution u constructed in Theorem [ is the unique solution of ([I]) such that v
and ¥ belong to X%°. Indeed, let u; and us be two solutions of (I)) corresponding
to the same initial data ug, and assume that vy, vs, and v, U2, the corresponding
Miura transforms of ui, us, respectively, belong to X%°. Then by uniqueness for
@ in the class X0b (see Theorem [1)), we have v; = vg and ¥; = 02, so that
896’111 = 8xuz = %(’Ul — 171) and so Up = Ug.

From Theorem [ (ii)—(iv), we can make another statement concerning unique-
ness. Let ug € &, and let u be the solution given by Theorem [[l Let (ug,) be a
sequence such that d,ug, € H3, a;layu% € H? and ug, — ug in € as n — 400,
and for each n, let u, be the unique solution of (Il such that d,u, € C(R, H?)
and 9;'9,u,, € C(R, H?) given by Theorem[I(ii) and (iv). Then by Theorem [I(iii),
forall T > 0, up, — u in C([-T,T],€) as n — +oo. Thus, u is the unique solution
of () which can be obtained as the limit of regular solutions.

Remark 2. By scaling, we can solve not only the IVP ([[I]) but some other equations
with the same terms but different coefficients. Because we use the Miura transform,
there is a certain rigidity and the choice of the parameters is not completely free.
More precisely, we can solve the IVP for

(13) Oyl + adti + b0, ' 0t + D, + O, udy Dyt =0
for any a,b,c,d € R such that ac > 0 and 2bc = d?. Indeed, let u(t,z,y) be
a solution of the IVP () and let @(t,z,y) = au(at,z,By), where a = /32

8c?
B = /2% Then 4 is a solution of ([[3). If the relation between a, b, c, d above is not
satisfied, the IVP might be difficult to solve. However, by the arguments in section

2, we know how to solve locally in time a fourth-order parabolic regularization of
([@3)) for regular initial data, for any set of parameters. See Proposition @l

Theorem [I|vi) means that any solution of (1) goes to zero in the region = > [t,
for any . This is due to the fact that (1) has a defocusing nonlinearity. However,
the behavior of u(t, z) for < 0 is not known. One may also ask whether a similar
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result holds for the KP II equation ([@). It is known that there is no traveling wave
solution of (@) (see de Bouard and Saut [3]) and more precisely that there is no
nontrivial solution of (@) that remains uniformly localized in space and travel to
the right in some sense (see Theorem 1 in de Bouard and Martel [2]).

In the case where vy € L? can be related to a function ug € £ by the Miura
transform (3]), we obtain from Theorem [I] the convergence to 0 of v(t) in L? in the
region = > f3t, for any 8 > 0. It is then a natural question to ask for which vy € L?
there exists ug € £ such that (@) holds. This question is partially answered by
Wickerhauser ([26], Theorem 1.IT).

Theorem 2 (Wickerhauser, [26]). There exists oy > 0 such that the following is
true. If V. € LY(R?) N L%(R?) satisfies |[V||z2 + ||V|r < o, then there exists
U € & such that

(14) 0,.U +0,'0,U —U? = V.

The proof of this result is essentially contained in [26], but for the reader’s
convenience we repeat the proof in Appendix B.
By Theorem Pl and Theorem [Il we obtain the following result.

Corollary 3. Let vy € L*(R?) N L*(R?) and let v € C(R, L?) N X% be the global
solution of @). There exists cg > 0 such that if ||vo|| L2 + ||voll 1 < aw, then for all
/6 > 07
lim v (t, z,y)dxdy = 0.
t—=+0 Jos 8t

We briefly sketch the proof of Theorem [Il First by a fixed point argument,
we solve locally in time a fourth-order parabolic regularization of the IVP () by
using the smoothing effect and maximal function estimates (see section 2). The
arguments are reminiscent of the ones used for the generalized KdV equations by
Kenig, Ponce and Vega [10], [11].

Then, in section 3, relating solutions of this regularized equation to solutions
of a regularized version of the KP II equation by the Miura transform, we use an
energy method to obtain solutions to the mKP II equation for smooth data.

Finally, in section 4, we recall precisely Bourgain’s result concerning the KP
IT equation, and we use it through the Miura transform to prove existence of a
solution for initial data in £. We approximate the initial data by a sequence of
smooth functions, then we pass to the limit by using an estimate on the difference
of two solutions of the KP II equation coming from Bourgain’s result.

In section 5, we present the proof of (v). It is based on a monotonicity property
of the KP II equation, first proved for the KdV equation (see for example Martel
and Merle [18]) and then for the KP II equation (see de Bouard and Martel [2]).

Notation. In this paper, the space variable is in R?, so that L? means L?(R?) and,
unless otherwise mentioned, [ means integration over R2.

— f(& ) = F(f) (& p) = [ e "@+vm f(z, y)dedy is the Fourier transform of f
in the space variable. For this choice of the Fourier transform, we have ||f| 2 =
L(fllz> and F(fg) = hef + 4.

_J5 = (1 _ A)s/2, D5 = (7A)s/2'

~HS={ueL?:||J%lr2 = ||lul|gs < +oc}, H>® = ﬂSZOHS.

- [A,B] = AB — BA, where A, B are operators. In particular, [J*, flg =
J*(fg) — fJ*®g, where a function f is viewed as a multiplication operator.
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2. GENERAL WELL-POSEDNESS RESULT
FOR A REGULARIZED MKP II EQUATION

We consider the IVP associated to the following fourth-order parabolic regular-
ization of the mKP II equation
(15)
{ dyu+ Ogu + Ofu + O3u + 30, ' 02u + au”Oypu + bd,ud, ' Oyu = 0, t>0,
U(O, T, y) = UO(xv y)7

for a,b € R. We consider the spaces, for k,1 > 1,

vht = {ue L*(R?); ue H*R?), 9, '0,u € H(R?)},
Y =Y% = [ueL*R?; ue H¥R?), 0,'0uc H*(R?)},
Y>® = QueL’R?, ue (| HYR?), 0, '0uc [|H' R,

k>0 k>0

with natural associated norms for Y and Y*!. Note that for k > 1, Y+~1k ¢ HF.
Indeed, if d,u € H*1, dyu = 9,(9;10yu) € H*~1, and u € L?, then u € H".

In this section, we prove the following local well-posedness result for the IVP (T3]
in Y, with persistence of regularity in Y*!. The result is proved by a contraction
argument using suitable norms. In this result, no particular choice of a, b € R is
required. It is possible that the IVP (I3 is also well posed with less regularity on

ug, but it was not our objective here to obtain a sharp result.

Proposition 4 (Local well-posedness for the regularized mKP II equation). For
any ug € Y, there exists T = T(a,b, ||uo|ly) > 0 and a unique solution w of (I5)
satisfying

(16) ue C([0,T],Y),

(17) 10z ull L2 s, + 10505 ull L2 Los, + 10500t L2 Lo, < o0,

(18) ||3;13y“||LgoL§T + Haiax_lay“”L;OL;jT + ||8§8;18yu||L;chT < 00,
(19)  supti 10:05ull L2, + [10,05ul L2, + [0:05ul L2, + 110y05ul L2, | < oo.

(0,77

For any T' € (0,T), there exists a neighborhood V' of ug in'Y such that the map
Gy +— u(t) from V into the class defined by [IO)-9) with T" instead of T is
Lipschitz.

Moreover, if ug € Y°°, then, for all k,1 >0,

(20) u e C([0,T], YR,

2.1. Linear estimates. We consider S(#) the solution operator for the associated
linear equation

4 4 3 —152, _
(21) Oyw + dpw + Oyw + Oyw + 30, O w = 0,
w(zx,0) = wo(x).

Thus, for t > 0,

S —c [ ¢ [reomse(t s o€t e e,
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We extend S(t) to t < 0 by the formula
S(t)ywo = c// JPHWH(&LS%)]7‘“647”'#41@0(5,u)dﬁdu.

We begin by proving that @, '9,S(t)wo has a sense in L°L2, for wq only in L.
The proof is reminiscent from the proof of the sharp Kato smoothmg effect for the
Airy group (see Kenig, Ponce and Vega [10], Lemma 2.1).

Lemma 1. Let wg € L?(R?); then

(22) 105 0y S(t)wol Lee 12, < Cllwollzz, -
Let h € LyL2; for T > 0; then
t
(23) sup 8;18y/ S(t—t")h(t")dt < C||h||g1 2.
0<t<T 0 L2 e

Proof of . Fix x € R. Let us change the variables a = p, 8 = €3 — 32 We
g H 3
write § = {(a, 3), p = p(a, B) = a. Then
. dadf

n — ilzé+yattB]—[t|g* —[t|u?

( )wo //6 wO(ﬁaN) J(O[,ﬁ)7
where J(a, 3) is the Jacobian of the change of variable, i.e. J =3 (& + “—j . We

&

have

-1 _ i[zé+yattf]—|tlet —|t|pt K - dadf
0.'0,50u — [[e i€ ) S

- //e“yaﬁﬁ]fltwg“*\t'“‘iF(a,ﬁ)dadﬁa

where (§ )
ix :U’ Wo H
Let m(t,a, 3) = e~ ltE* =ltla®  We claim the followmg estimate.

Claim 1. Let F € Lo3(R?); then

H/ e tBn (¢ o, B)F (o, B)dadf

<C|F ||L§5-
L2,
Assuming Claim[I] we finish the proof of the lemma. By returning to the original
variables (&, p), we have

? o (€

dd
J gdp.

1117,

J

Since J(&, p) =3 (52 + “2> 52 , the lemma follows.

Therefore we are reduced to prove Claim [[I By Plancherel’s Theorem in the y
variable, and then Fubini’s theorem,
| [ eomit.a.mrca
L2,

H// ei[ya+t5]m(t7a,ﬂ)F(a,ﬂ)dadﬁ
- HH [ ety pas

a L?

Lf Li
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Thus, we need only prove for f € L3(R),

(24) H / "mlt, a, ) f(5)

where C' is uniform in «. If we show this, then we have

L?

’H / (L, o, B)F(a, B)d < c|IF@B)ls| , = ClF@,s)
L? L2 <«
To prove (24]), it suffices to show that
(25) mit.u )|+ [ Panlt, . it < €,

where C'is uniform in «, 5. To see that (23] suffices, we use Carleson’s Theorem in
the following form: the operator
N .
/ h(t)e~"Pdt
—0o0

is bounded from L?(dt) into L?(df3) (we refer to Coifman and Meyer [5], Chapter
I, Lemma 12, for such a use of Carleson’s theorem). Let h € L?(dt). We need to
estimate

[[ emi.a.ps@measa = [ 1) < / e“ﬁm@,a,ﬂ)h(t)dt) ap.

But, by integration by parts,

C(h)(B) = sup

NeR

!

‘/e”ﬁm(t,a,ﬁ)h(t)dt‘ = ‘/ e*Ph(s)ds ) m(t, a, B)dt

< Im(+o0, o, B)|[A(B)] + C(h)() / et . B)|dt,

and we see that Carleson’s Theorem and (28] give the result. Now recall that
m(t,a, 3) = eIt =1tle" where ¢ = &(a, 8), and so (25) follows.

Proof of 23). Fix t* € (0,T), and change variable t* — t' = ¢:

10/ Ndt' = 15/ )y (t

where hy(z,y,t) = h(x,y,t* —t). To estimate the Lgy norm, let us test against
wo € L2,. Then

26 (0.9, /0 S(E)hee (1)t wo) = /0 (- (£), 00, S(8) wo )t

where (, ) denotes the scalar product in L2, and S(t)* is the adjoint operator of
S(t). Note that the proof of [22)) above also gives

10528, 5(t) woll e 13, < Clhwollia, -
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Thus, for xjo4+)(t) =1 on [0,¢*] and x[o,¢+(t) = 0 on R\ [0, "],

‘(8;18y/() S(t)he-(t)dt, wo)

= ‘/<X[O,t*](t)ht*(t),az_layS(t)*w@dt

< Cllwollzz, Ixjo,¢-1he | L1 r2,
< Cllwollzz, 1Pl 22,
uniformly in ¢*. This completes the proof of ([23]). O

Lemma 2 (Maximal function estimate). Let T > 0. Then,
@1)  IS@hwoliz oz
< Cr (Ilwollzs, +103wollzs,
Hlounlz, + 10,05 D, wollzz, + 12050, 2, )
Proof. We first use the inequality
[flleerge < Cr {||f\|LgL2T 10y fllrzrz + 10efllpzrz + ||8tanyL§L2T} :
We apply this to f = S(t)wo, so that
IS@wolgre < Cr{ISWwolliy + ISWO,woliz3
1908 (Owoll 313, + 19:5 (B, woll 315, }-
We use the equation of S(t)wg to obtain, for fixed z,
IS@wollg oz < Cr{lISEwollzzes + ISEywollzs ez

+ (1078 (t)woll 2, + 1108 (t)woll 2, + 1028 (t)woll L2, + 19,070y S (t)woll 2,

41020, 5@wollzz, + 1020,S(Ewolzz, + 1020, 8 O)wollz2,

+ 162070, S (wol 2, }-

Taking the L? norm in the z variable and then supi_r, 1), we get ([27) by using
1S@) iz, <[]z, O

Lemma 3 (Smoothing estimate in x, y). Let wy € L?(R?). Then,

1025 ®wollz, + 19, S (hwollzz, <~ llwoll e,
Y Y |t‘ 1 Y
Proof. We have
G R _ it(€3— w2y
DS (tywo (€, p) = eie IS HE =y (u, ),
and thus the result follows immediately. ([

Finally, we present a lemma to be used to handle errors in Leibnitz rule (this
result is due to Molinet and Ribaud [22]). Consider a function ¢ € C§°(R) such
that o = 1 on [¢] < 3, suppp C {|¢| < 1}. Let Spf = p(627%)f(€) and Axf =
Skp1f — Skf, for k > 1, and Ag(f) = S1(f)-
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Lemma 4. Let f1, fo € L2. Then, for j > 3, the following holds:
(28) Aj(fifo) = Aj(Do(f1)Ao(f2)) + D Aj(Ak(f1)Ske1(f2))

k>j—2

+ Z A (Sk(f1)Ak(f2))-

E>j—2
Proof. We have
Ajfif) = Ay Jim Se(f)SK(f)

= A4 (Z Sk+1(f1)Sk+1(f2) — Sk(fl)sk(f2)>

k=1

+A;(Ao(f1)Ao(f2))

= Aj (Z [Sk+1(f1) - Sk(fl)] Sk+1(f2)>
k=1

+4; <Z [Sk(f1) (Sk41(f2) — Sk-(f2))}> + Aj(Ao(f1)Ao(f2)).

k=1
Now, if j > 3, by support considerations on the Fourier transform side, we get

Aj(frfe) = ( > Aw(f1)Skia(f ) ( > Sk(f )
k k

=j— 2 :]72

+A;(A0(f1)Do(f2))-

Remark 3. A similar statement holds for A;(f1 f2f3).

2.2. Proof of Proposition @ Well-posedness in Y via the fixed point Theorem.
We define for v on [0,7] x R? the following norms:

AL(v) = sup |lo(®)]ly,

te[0,T]
A2 (v) = (1050 2 Los, + [02000[| 2 Lo, + 105000l L2 15,
X3 (v) = 110710yl pee 2, + 110307 10yl Lo 12, + 110505 Oyvll Lo 12,

1
Naw) = sup 4 {]10,050lln, + 100502, + 19,050l 22, + 10,0501z, }

t€[0,T)

Let
D, (v) = S(t)u ofa/ S(t—t)0,(v3(t))dt

—b/ S(t — )00t (0, L o,v(t))dt
= S(t)ug — al(v) — bII(v).

We have the following result that implies immediately the existence and unique-
ness result in Y.
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Claim 2. For any ug € Y, there exist T = T(|Juo|ly) > 0 and o = a(|luglly) > 0
such that ®, : Bo, 7 — Bar and is a contraction on By 1, where

Bor={veC(0,T),Y) s.t. Ar(v) < a}.

We prove Claim[2l First, note that A1 (S(t)uo) < C|lug|ly. Also, Lemmal[3lshows
that Ay (S(t)uo) < C|luoglly, and Lemma 2 gives

Xo(S(Muo) < Cr{lDsuollzz, + 18%uollzz, + 105002z, + 02uollrz,
0ol L2, + 103uoll 2, + 185uollLz, + 18;05uoll 2,
H020%u0] 2, + 19302uoll e, + 102uolle, + 1020%uoll L2,
105 0utoll 2, + 19402z, + 185uoll 2z, }
< Cluolly-

Finally, Lemma [l gives A3(S(t)ug) < Cllugl|y-
Next, we bound Ar(II(v)). We start with Az, which contains three terms. For
the first one, by Minkowski’s inequality and Lemmal[ll and then Holder’s inequality,

T
| = [ 100 0l
L Lyr

1 _ 1 _
< CTH0:00; 0yl 12, < CTH|0w0] 12 15 105yl v 12,

t
8;18y/ S(t — )00, to,vdt’
0

< CT2 Mg (v)A3(v).

For the second one, we proceed similarly. We will first bound the main terms, and
then the errors using Lemma [l We thus have

T T
SC’/ ||6w6§v8;18yv||Lgydt+C/ ||8x08§6_18yv||Lgydt+errors
0 ' 0

t
980,10, / S(t — t')0,00; ', vdt!
0

Le L2,

=01 + 05 + 05.

To bound these terms, first observe

10 0l < € sup {105 Dyollas, + 1050, 0yvlsz, + 10200yl }
t ,

€(0
S C)\l("l))
Thus,
T s
01 < Cn(v)Ma(v) / it < CTO @A),
0 4
and

03 < CT7||0,0050, ' Oyv]| 12, < CT? Xo(v)A3(v).

We now treat the error term 3. It contains terms of the following form, for m =
1,...,7:

T
/0 (002 0) (850 Byl .
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We use Lemma @] for j > 3:
A; (070, v)(88*m8 9, ') = A (Ao (97 0,0) Ao (050, 1 9yv))
+ ) AG(AR(ODav) Sk 1 (50,0, )

E>j—2
Y A(Sk(OF 0:0) Ak (0; 0 0,v))
E>j—2
= Aj + B]' + Cj.
We now bound B;. Note that
F(Spr1(05 ™0, yv)) = (2 FENF(0F "0, 0y0)
= e g~ p(e2~ D) F(DF 0 oyv)
= 2FE=m9— i F(Si 1y (DA, O,)),
for §k+1, defined so that
F(Sur1f)(§) = 2 HEmesmakiemhp(ea*H)) = g(eah),
where ¢(i) = eu® =™ |u| =T p(4). Thus

k

AR(OT,0) Sk 1 (B8 ™D Dv) =277 (2k<8*m>Ak(ama;%))Sk+1(Dé 97 0,v).

Note that since 8 — m > 1 the following holds: 4,2 e L.
Next, we have

FE=mI AL (07 0,0) = Ap(850,0),

where if A/\kf(f) = 1/1(2*k§)fA(f), with 1) supported in an annulus between i and 4,
then
2k(87m)

Acf(©) = Ty v@TOS©) =P 2TrOf(),
where @Z has similar properties to . Thus, we have
AR(O70,0) Sy (0507 10,) = 27§ A (050,0) S (DI O 10,0),
and we note that

130,100z, < © sup {109yl + 1020 Oyl + 10505 Oyl }

< CA(v).
Then,

Z/ 1Billz,dt <3 S 2—*/ |AK(050,0)Sps1 (DI 67 10,0) 12,

j=3 j>3k>5—2
S / 1080, 01123, D3 0 0,0,
§>3k>j—2
dt
<MY Y 2 / T <CTIN @MW),
J>3k>j—2 t1

We now turn to C;. Here, we write

S (0T 0,v) AR(957 ™0, 19, v) = 27F Sk (020) Ak (950, 1 Oyv),
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for suitable Sk, Ay, and where we have used m > 1. Then, we use

1020112155 < C {l100llrzzs +1030lranz, b < Cha(w),

yT
to see that
) / IClls dt <03 3 2 / [84(050;0,0)5k(020) |z, dt
>3 §>3k>5—2
<Oy DT 27T |[A(050; 1 0,0)Sk(920) 12,
i3 k>j—2 '

<OT3 oy 2‘k||Zk(8§8;18yv)HL;cL§T||§k(3iv)||LgL;°T

i3 k>j-2
<CT? Y N 27M030, Oyl 2, 1030l L2 e,

i3 k>j—2

< CT? 23(v) Ao (v).
Note also that for j > 3,
Aj = 8 (D0 (97T 0) Ao (97707 1 9yv)) =
Using the proof of Lemma[d] for j = 0,1, 2, we still have

Aj(fif2) = (Z Ag(fi Sk+1(f2)>

k=1

Aj (Z Sk(fl)Ak(f2)> + A (Ao(f1)Ao(f2)),

k=1

and the same arguments as above give the bounds
0o LT
S [ 18M0r0,0)Si (@0, 0,0) 12, dt < CTIM(A()
0
and
oo T .
3 / Sk (O 0,0) AR (D507 10,0) |12, dt < CT Aa() A (v).
=170

Then, turning back to the error terms in 63, we have

T
/ ||8?8m08§_m8;16yv||%ydt:/ S A, ((0r0,)(05 ™0, 0,0)) || dt
0

7>0

2
Lz,

2 T
< Z/O 14 (05 020) (9270, 0yv)) || 2, dt
j=0

o)

> A (97 0.0) (050, 0yv))

j>3

dt=F+G.

2
Lz,
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First,
2 T
F < Z / 145 (A0(00:0) Ao (050, 1 0yv)) || . dt
0 zy

dt

+z/
+z/

k v 1 8- v
(ZA (03 0pv) Skr1 (05 ™0, 10, ))

2
Lz,

dt.
L2,

(Z S (870, 0) Ag (83010 v))

Since [|A;(f)llrz, < [[fllzz,, the last two terms were controlled in a previous re-

mark. For the first one, note that 97 Ag and 85" A are bounded operators (given
by convolution with L! kernel). Thus, the first term is bounded by

CT? (1050 12255 105 Oyvll o 2, < CTZ Ao(0)A3(0).

Finally, we turn to G, and we use our bounds on B; and C}, and the observation
that Aj(Ag(f1)Ao(f2)) = 0 for j > 3. This takes care of \|a§a;1ayu\|L:cL5T.

In fact, [|050, ' 0y 12, is handled in a similar way, using Littlewood-Paley
decomposition in the y variable to handle the error terms. This then takes care of
As.

We next turn to A\y. There are four terms. First, by using Lemma [ we get

PI»—'

1
t1

%0 / S(t — £)0,00 D, vdt’ / |t 1200007 001z,
Lgy -

When using the Leibniz rule, we obtain two main terms:

A+B—t4/ = \|a%a L9yl L2, dt’ —|—t4/ P 10,0850, Oy 2 dt’

and error terms. We have

A < & T 10Rlsg, 1050y oz
|t '

. 1
Ct1 ————dt' ) M(v)A
</0 [t —¢|a|t’|2 ) @) hale)

< CTiM(v)A1(v)

IN

and

Sy
INA
T

(/ ; dt) 10,0050, 0,00 12

T4||azv|ug%|\ai 0yl Loz, < T3 (0) A3 (v).

IN
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The error terms are handled by combining these estimates with the arguments we
have used for the error terms in the case of A\3. The treatment of

t t
89:83/ S(t —t)0,v0; o vdt’, 8y8§/ S(t —t")0,v0; Lo, vdt,
0 0
t
o8 / S(t — )00, Lo, vdt’
0
is similar.

We next turn to A;. There are three terms. Using Lemma [2] and Minkowski’s
integral inequality, we first get

T T
+C/ ||82(8zv8;18yv)||L§ydt+C/ 10,03 (9200; 0,0) || 12, dt
0 ’ 0

t T
0, / S(t — 19,00 10, vdt’ <c / 102 (0007 10,0) | 12, dt
0 0

L?CL;%

T T
+o/ ||8§(8xv8;18yv)||Liydt+C’/ 102000 1 0,0) 12, dt.
0 0

All these terms are controlled in the proof for As.
Next, proceeding the same way we get

+0/ 105 (0,00, 1 0,v)]| 2 dt+C’/ 10205 (8,001 0,) | 12, dt

t T
o / S(t— #)0,00 0, vdt’ <c / 103 (2,007 10,0) |12 dt

L2L°°

+C/ ||<92<92 D00, 10 V)|l Lz dt+C’/ ||6263 0,00, 0 v)||L§ydt,
terms which are again controlled in the proof for A3. The term

t T
0,02 / S(t — t')9,00; 10, vdt’ <c / 102 (000 10,0) | 12, dt
0 0

L2L%

is handled in the same way.

Finally, we turn to A;. There are six terms to estimate, and we start with the
first three. Minkowski integral inequality gives for these three terms the following
bound:

T
| 10:00:10,0012, + 1050200 10,01z, + 150,005 10,0)] 12,
0
and these terms are all controlled in the proof for A3. Now, by Lemma [ (23],

t
a;lay/ S(t — ") 0,00, Lo, vdt’
0

S OHax'Ua;lay'UnLl L2T
Lo ((0,T)) L2y, o

_ 1 _
< Ol|0zvllr2 e 10710yl L2 12, < CT2 (| 0sll 225 105 Oyvllsera,
< OT7 Ay (v) A1 (v).
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Next, we have

’ Lo ((0,T))L2,
< C||o2va; o, U||L1L2 + C||02v0,.0; 10, U||L1L2 + C||0,v020; 10, U||L1L2 :

t
858;@/ S(t — )00, to,vdt’

< Cl107(02v0; ' 0yv) | 2,

We have
103007 0y0ll s rz, < 11020] 12155 197 yvllna z, < THAo(0)A(v),
10,0820, *0yllns 13, < 19c0ll22 235, 1920500l 12 12, < THAa(0)Ma (),
10208,0; 13y”||L;L§T <1020l L2 1 10:0; layUHLngT
< {l0evll 2z + 1030l 220 } {107 00l 2z, + 10207 00l 212, |
< T2 A (V) A2 (0).

The estimate for

is analogous. (We need to use the inequality
10y fllrzres, < C{IIfllrzres, + ||8§f“L§L§°T}a

which is true.) This takes care of II(v).
We now turn to Ar(I(v)) which is easier. Recall that I(v fo v3)dt'.
Let us start with \;. First,

t
‘aw [ st viar / oz, o < / ol ez, —
0 Lz, | |t — \

T3 (M ().
Second,

t /
dt

B (v3 _—

/0 || z( )HLgy ‘t*t/‘%

[ Wketis, o < T Onta

t
858;18y/ S(t — t")0,v0; Lo, vdt’
0

Le=((0,T))L3,

IN

IN

t
82895/ S(t —t")idt’
0

The main term is

The intermediate terms can be handled using a variant of Lemma (] for three func-

tions. The term
‘68 / S(t —twidt’

is handled similarly. Next, we turn to
t
/ S(t— t')v3dt
0

! i

L2
my

t
a;layam/ S(t—t)viat’
0

2 )
/ 101z, oy
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t /
dt
< 92 (v _
7/0 || z( )HL?W ‘t—t/‘%

t /
dt
< 2 (v?  —
< [ 1550z,
which have already been handled.
We turn to Ay. Here we again use Lemma [2] to get the result.
For Az, there are three terms. For the first term, we use Lemma [l (22]), and end
up with

which has already been handled. Next

‘82 188/5 yoidt!

188/5’ yoidt!

T T
/0 102 (v%) 1, dt < / | @rv)e?lis,dt < o2, Tl 2, < T ()P

For the second term, we again use Lemma [Il (22), and end up with

T
1020, 152,
0 .

The main term is controlled in the following way:

r 299 2 r 9 2 ¢ dt
el < ol [ 1020les,de < a5 )t
0 0 o t2
< T5 (0 (v) 24 (v).

The next term is

T
/ lvdevdivllLz, < [[vlless, [10avllLss, TlORvllLse 22, < T (M (v))*.
) :

xyT

To get the general term, we use Lemma[dl For the third term, we again use Lemma
[ 22) and end up with fOT 10502 (v?)|[ 2, dt. This is handled similarly.
Finally, we turn to A4. There are four terms, the first one being

3 t d’
t4\|ama§/0 S(t— )0, (v%)dt | 2. <t4/ 1050, (v%) | .2

L .
-]
The main term is
1

N t dt' +
¢ 299 7<(/7) w Aa(0) < T (0)( (0)*.
S 1wtz = <ot ([ iy ) el M) < A @)

3t

.;:.

The second term is

N t dt/
ti/ Hv23zv5§v\|Lw71 < Tlvllzes  10s0]Les 1050l g r2, < T(Aa(v))?.
0

|t | zyT zyT

The remaining terms are handled by a variant of Lemma [l All other terms in Ay
are similar.
Therefore, we have proved, for 0 < T <1,

A (@, (v)) < Clluolly + CT* (Ar(v))® + CT* (Ar(v))?,
Moreover, similar arguments imply

A7 (Puy (1) = oy (7)) < CTZ A7 (v = 8) (A(v)) + Ar(v) + (A(D))* + Ar (D)) -
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Thus Claim 2lis proved for a = C||ug|ly +1, and T small enough depending only
on |luglly. In particular, by a fixed point argument, we obtain a local existence
result in Y, on a time interval (0,7T), where T = T'(||ug |y ).

We now prove a persistence property for smooth data.

For all k,1 > 2, with k& > [ + 6, we prove that if ug € Y*!, then the solution
u(t) constructed above belongs to C([0,T], Y*!), for T defined above. We argue as
before; we define the following norms:

M) = sup [[o(t)llyrs,
te[0,T]

3 13 l
A2(v) = 1020|212, + 102020 2125, + 10y 0z vl L2125,

As(v) = 105 10yvll oo nz,, + 10505 Oyl Lo p2, + 10507 Oyl Lo 2

M) = swp 4 {10,050llss, + 110050l 22, + 10,0502, + 10:95llss, }
t€[0,T] ’ ’
Ar(v) = max Aj(v).

j=1,....4

Using the same arguments, we prove, if kK > [ + 6, that
Ar (@, (1)) < Cllugllyr: + CT2Ap(u) (A2 (u) + Ap(u)),

where C' may depend on k,l. The condition k > [ 4 6 is needed to compensate the
loss of derivative in Lemmal[2l Therefore, there exists 7" > 0 depending on k, [ such
that R
sup @)l < Arv(w) < 2wy
Iterating on the whole interval of existence [0, 7] of u(t) in Y, we obtain the per-
sistence property.
This completes the proof of Proposition [

3. LOCAL WELL-POSEDNESS OF THE MKP II EQUATION
VIA THE MIURA TRANSFORM

We counsider, for ¢ € (0, 1), the following equation:
(29) Opu + e0pu + €°Opu + Dou + 30, Oju — 6udpu + 60,ud;, " Iyu = 0.
By Proposition @ we have the following result.
Corollary 5. Let ug € Y°. There ezists T = T(e,|luolly) > 0 and a unique
solution u of [29) satisfying
ue C([0,T], YR,
for all k,1 >0, and ([T0)-9).
Proof. Let € € (0,1). Let ug € Y*° and to(z,y) = ug(ex,%y). By Proposition [
there exists a @ € C([0,T], Y*!) solution of
Qv+ Oyt + Oyt + 20+ 30, 1021 — 6 W20, 1l + 6 0,10, "Dyt = 0

on the time interval T = T'(e, ||io||y ). Let

%y).

Then we check that u is a solution of (2J) with initial data ug. This solution exists
in Y°° on the time interval [0,7”], where T’ = £*T. Since for fixed ¢ > 0 we have

u(t,z,y) = a(e 3t e la, e
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cluolly < |ltolly < czfluolly, where ¢1,¢a > 0 depend on ¢, the solution u exists
on a time interval [0, T], where T' = T'(g, |Juo|ly) > 0. O

This section is organized as follows. In §3.1, we prove that the solution con-
structed in Corollary [l can be extended to a time interval [0,7], where T =
T(|luollz) does not depend on e, where |ug||z is a higher norm of ug, and that
this solution also satisfies uniform estimates on [0,7]. Next, in §3.2, we use these
bounds to prove an existence result for the mKP equation by passing to the limit
ase — 0.

3.1. Uniform time of existence by Miura transform and energy estimates.
We consider the following functional space:

Z={ue H¥R?): O,uc H¥R?), 9;'0,u e H}(R*)} C Y,
with the corresponding norm
lullz = llullzs + |05l s + 1107 Byl rs.
By energy estimates on the Miura transform of u, we claim the following lemma.

Lemma 5 (Energy estimate for the regularized mKP II equation). For any ug €
Yo, there exist T* = T*(|lugllz) > 0 and K = K(|luollz) > 0 such that if u €
C([0,T'), YY) for all k,1 > 0, is a solution of the IVP [Z9) on [0,T'], where
0 < T <T*, then for any € € (0, 1—10),

(30) sup [lu(t)]z < K.
(0,77]

)

Assuming this lemma, we have the following result.

Lemma 6 (Uniform time of existence). For any ug € Y™, there exist T* =
T*(lluollz) > 0 and K = K(||lugllz) > 0 such that, for any e € (0,55) the IVP
@9) has a unique solution u. € C([0,T*],Y*), for all k,1 > 0, satisfying

(31) sup [us(t)]z < K.

(0,7~]
Proof. Let € € (0, 15). Let ug € Y. It follows from Corollary [l that the IVP (29)
has a unique solution u. in C([0,T.], Y*!), for all k,1 > 0, where T. = T'(¢, |Juo||vy)-
If T. < T (T* being defined in Lemma [A]), then Lemma [ gives

sup [[ue(t)|ly < sup |luc(t)llz < K(l[uol 2)-
Therefore, we can apply Corollary Bl as many times as necessary to extend the
solution in Y*° to the whole interval [0, 7*]. The bound (BI]) is then a consequence

of (30). O

We now prove Lemma [Bl The reason why we use the space Z here is that the
space Y is not adapted to the energy method through the Miura transform.

Proof of Lemma Bl The proof proceeds in three steps.

Step 1. Estimates through the Miura transform. First we recall some non-
isotropic Sobolev inequalities that are proved in Besov et al. [I]. We give a short
proof of these inequalities in the nonendpoint cases (2 < ¢ < 6) in Appendix C.
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Lemma 7 (Sobolev inequalities [1], Theorem 15.7). For any q € [2,6], there ezists
Ko(q) > 0 such that for any o € H*>(R?),

[ _g a=2
19221170 < Kolloaill 5 1052l 72" 10yl 3
We also recall the following estimates (see Lemma 2.10 in [I0] and [9], [5]).
Lemma 8. Let s> 1 and 1 < p < oco. Then
107°, flgllze < CUIV A e |77 gllzee + 17 Flles lgll es }

and

[7°(f)llee < CLUfllzen gl re + (177 fllLes gl zes }
. 11 11 1
wzth1<p2,p3<oosuchthat;—zj—l+1)—2—p—3+p—4.

We claim the following result.

Lemma 9. Let u € Y°, and let v € H* be such that

(32) v = 0pu+ 0y ' Oyu — u?.
Then,
(33) 10zull 2 < [Jollzz, 1107 Oyullre < C(lullZe + [lvllz2 + 1),

and, for all integers s > 0, there exists ag > 0 and Cs > 0 such that

(34) oz T ullp2 + 10y T ul 2 < 2]|0p T 0|12 + Cs (14 [ T*0l| 2 + [|uf| £2)™*
(35)  N0u S ullLe + 10510y Joull e < Cs (14 ||| 2 + [luf 2)™ .

Proof of Lemma @l From ([B2), since [(0,u)u? = 0 and [(d,u) (0, ' 0yu)=— [udyu
=0, we have

(36) /v2 _ /(amu)2 + /(a;layu _ )2,

and so the first part of (B3] holds. From (B6]), we also have

/(8;18yu)2 §2/{(8;18yu7u2)2+u4} §2/02+2/u4

e elfe ) ) fo
e () )
(]

3

IN

IN

IN
S = ]
’5;
QJ
§
/—\

we obtain

/(3;18yu)2<4/v2+0(/u2>2+0(/v2)4.

Thus B33) is proved. O
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Proof of (34). Differentiating (32) with respect to z, we have 9,v = 0%u + Oyu —
2ud,u. By [(82u)dyu = —3% [ 8,(8,u)? = 0, we have, using Holder’s inequality,

/ (020)? + (B,u)> < 2 / (0,0)2 + 8 / (udotr)?

2/@@2 e </u6> </|8xu3>%.

We recall the following two inequalities (the first one is contained in Lemmal[fl and
the second is a standard Sobolev inequality in space dimension 2):

s e o) (fir) (four)'
el ) (o)

[ (@ + @)
s2/(awv>2+c</u2)
<2 [r ] feuwreo(f u> (/ (395102)2 (/ @%u)?)§
< 2/(81;@)2 + %/((aiuf + (0)?) +C (/ u2)2 (/(6xu)2>5.

Thus,
4

(37) / ((82u)* + (B,)%) < 4/(@51})2 e (/ u2>10 e (/ u2) .

This proves [B34)) for s = 0. In particular, we have

IN

ol
(S
2
&
[\
N———
oot
(S,
<2
<
N—
(3]
N———
Wl
VRS
—
QQJ
5
[\
N—
IS

lullZoe + ITullZz + 107ullZ: < C/ ((03u)? + (9yu)* +u?)

(38) SC/(@wv)2+0</v2>10+0(/u2)4+0/u2.

Proof of B4) for s = 1. Arguing similarly, from 9,Jv = 92Ju + 0y Ju — 2.J (udyu)
and the inequality

179l < C U fllee= gl + 17 Fllallgllze)

(see Lemma [|]), we have
/((a;Ju)2 + (8yJu)?) < 2/(ava)2 +8/(J(u81u))2

(39) <o / (00T0)% + Cllul3 / (D0 Tu)? + Cll0yul2.] Jul ..

On the one hand, since

Joaw<c(f @%J@?)é (/ <Ju>2)é |
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we have

/ (@27u)? + C'|Jull i / (Ju)?.

| =

Cllulf~ [ (0.0 <
On the other hand, since

frse(fir)’ (fir)’ [
we have

Cllozull 74| TullLs

<C (/(8@)2)}1 (/(8yJu)2>é (/((%Juf)i /(Ju)2

colfi) (fo ) (frs ) (for
< i/(ayJ’u)Q + % /(33@)2 e (/(agu)2)2 e (/(Ju)2>9.

Thus, from (B9) and then (B8]), we obtain

/((8§Ju)2 + (0yJu)?) <

<a [+l [ e | <a§u>2)2 wo(f <Ju>2)9
< 4/(893JU)2 +C (1+/(8wv)2+/v2 +/u2>a,

for some o > 0 (o = 90 works). In particular,
(40) 10sulliee + 107 Tulg2 + || T2ullZ

<C/(@sz)z—FC(1+/(8zv)2+/v2+/u2>a.

Proof of B4) for s > 2. Let s > 2. From 9,J% = 02J%u + 0y J%u — 2J° (ud,u),
using similar arguments, with

(41) 17°(F)lz < CH{IIf Izl gll L2 + 177 Fllz2llgllze<}

we have
/ (B27°0)? + (8, 7°u)?) < 2 / (0T 0)?

ol [0+ Clult (@,
and since
Cllulf~ [@uru? < § [ (@707 + Cluli [ (0
we obtain
[ (@502 + @170 <4 @707+ (0l + ullie) [0

The previous estimate, together with (B8) and (@J), allow us to prove (34) by
induction on s > 2.
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Proof of BH). Let s > 1. From J%v = 0, J%u + ;1 0, J*u — J*(u?), we have
/((astu)M(a;lastu)?) < 2/(Jsv)2+2/(Js(u2))2.
Since ||.J*(u?)]| 2 < C||J*ul|p2[Ju]| =, we have
[ (@oup + @10, <2 [0 + Claulul~.
From (B8) and ([34), we obtain ([B8]). This completes the proof of Lemma O

Step 2. Energy method for the Miura transform of u(t). We consider u(t) defined
on [0,7T"] satisfying the assumptions of Lemma [6l First, we note directly on the
equation of u(t) that for ¢ € [0,7"],

(42) [ < [

Indeed, we have

%%/uQ(t) - _8/ ((D2u(t)® 4+ £*(D2u(t))?) < 0.

The rest of the energy method cannot be performed directly on u(t) because of the
bilinear term in the equation of u(t). Rather, we use the energy method on the
Miura transform of u(t).

Assume that u(t) satisfies ([29) and let

(43) v = O0pu+ 0, 0yu — u’.
Then v(t) satisfies the following equation (see Appendix A for calculations):
Oy (8,511 + 53;111 + 853;111 + 831} + 6v3xv) + 3(9;11
1 1
(44) = —40, {5 <8§(8mu)2 — 5(83@02) +&° (85(8yu)2 - 5(8§u)2>} .
The following lemma allows us to apply the energy method to v(t).
Lemma 10. If w € C([0,7], H*) N C*([0,T], H~') solves (a,b > 0)
(45) 0o (Orw + adpw + bIyw + Pow) + 30w = O, F,
for some F € C([0,T), H?), then t — [w?(t) is a C' function of time and

(46) %% /wQ(t) = —a/(@iw(t))2 - b/((f?;w(t))2 + /F(t)w(t)

Proof of Lemma [[O. First, we note that w satisfies the Duhamel formula

(47) w(t) = S(t)wy + /Ot S(t—t"F(t")dt',

where S(t) is the solution operator for the linear part of equation @5):
S(t)wy = c// ei[w“y““(@*%ﬂ*“t54*bt“4w0(5,u)dgdu,

Indeed, if w(t) is the right-hand side of (@), then w(¢) satisfies ([@5), and if we set
z(t) = Oy (w(t) — w(t)), then z(t) satisfies z(0) = 0 and

Oz + adiz + b0tz + 022 + 38;1852 =0.
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Therefore, multiplying the equation by z(¢), we obtain % [ 2%(t) <0andso z =0,
so that w = w.

Now, consider a smooth function 0 < ¢,,(€) < 1 which is 0 on [-1,1] and 1 on
R\ [-2, 2]. We define wy, and F, such that @, = ¢,®(0) and En(t) = pn (1),
and we consider wy,(t) the solution of {3l corresponding to w,(0) = wp, and F,
(such argument appears in Molinet [2I]). The Duhamel formula implies that w,
converges to w as n — +oo in C([~T,T)], H?). Moreover, since d; 19,w, (t) is well
defined, we have directly from the equation of w,,(t)

: (/wi(t) - /wiw))
N /ot / {~a(@2w,(t)? = b(Owa(t))? + Fo(t)w, (') } dt".

Passing to the limit as n — 400, we obtain the same formula for w(¢) which proves
that ¢t — [w?(t) is a C! function and that (46) holds. O

By the energy method applied to v, we have the following result.

Lemma 11. Under the assumptions of Lemma Bl for all € € (0, %) and for all

te0,17],

) # Ugv(tDQSC(/ <J8v<t>>2+||u<t>|i2+1) ,

for some constants C,~ > 0 independent of uy and €.
Proof. Let s > 3. We apply J*® to equation ([44]), so that
02 (0:(J*0) + €03 (J*0) + %8, (J*v) + 92(J*v)
+6v0, (J°v) + 6[J°, v]0zv + 38§(Jsv)
S 1 S S 1 S
= —40, {g <8§J (Opu)? — 37 (agu)z) +£° (ajJ (Oyu)? — 37 (8§u)2)] :

and we apply Lemma We obtain after some integrations by parts

%% (J0)? = —e / (D2T°0)% — &° / (027°0)?
(49) +3 / (0,0)(J*0) — 6 / (17, 0]00) J*v
(50) —4e / T (0,u)(92T%v) + 2¢ / T (02u)* T
(51) e / 5 (Byu)2(021°0) + 265 / 5 (02u)2 T,

Control of [ #9)). Since by Lemma [8]
117%, flgllz= < C (10 fllze + 10y fllze) 1T gllze + 17°fll2llglloe) ,

we have

|ED)|

IN

C|0xv|| Lo | 50|32 + C|| [T, v]0pv]| 2| J5v]| L2
C(lasvllz + 10,0] =) / (J*0)2.

IN
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Since ||0,v] Lo + |0yv|| L < C||J3v]|12 and s > 3, we obtain
(52) (@] < C|lT]72-

Control of (B0)). First, we have
/ T (0,u)?(92T%)
Since, by Lemma [§]

(53) 1) ez < Ol fllpe1I° fll 2
by B5) and s > 3, we obtain

3

< /(Js(amu)z)2 +€2/(8§Jsv)2.

/(Js(ass’u)Q)2 < Cl0uulltool|Os T*ull72 < Cll0zT*ull 72
< CA+ [Tl e + flullp2) .
Second, by (B3) and then (34),

| for@una] < @R + 1
< SIGEI a0zl + 0]
< 4o, |ORul < + C'(1 vl o + iz + 1)
< G0l + Il o2l
+C (1022 + 2 + 1)
< ENOEI O + OOl + oo + 17,

for some C, o > 0.
Control of (BI)). First, by (G3)),

55

/Js(ayU)Q(aﬁJsv) < 7% 0y )| 2|05 T 0] 2

< 05T vl + T (9yu)? 12
< %1057 vl[72 + Cell|oyulli< 10y T ull -
< %195 0%01 22 + Cet|Byullte (1102 0] 72 + (1 + [[J°0]| 22 + [Jull 22)**)
< %9577 vl[72 + Cetlloyullie (1027 0] 2l T 0]l 2
+ (S0l + ullL2)*)
< )05 70l + 02T 0l + CllIOyull L + 1)L+ 170l g2 + [lull2)*
< &80y T vl[7z + 07T vllTa + C(L+ ([T 0] L2 + [Jullz2)®,

for some C, a. Second,
/Js(ﬁju)QJsv /JS_Q(azu)ZJHQU
< TR 2e + (17572 (05u)? 72

< e (21027°0l[72 + 201057 vl|72 + Csllvl[i2) + CllOjull e ]|0y 7>~ ulZ-.
< 260 (107 7°0|I72 + 105 T°v][72) + CQA+ || T ] g2 + [Jullz2)*,

e’ =¢°

for some C, o > 0.
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In conclusion, if € € (0, %), for any s > 3, there exists C; > 0 and v > 0 such
that

d Vs
7 (Jou(t))? < C (/(J%(t))2 + /uQ(t) + 1) .
Taking s = 8 in the previous estimate, we have proved Lemma [T1] O

Step 3. Conclusion of the energy method. From v = 9,u + 8;10,u — u?, it is
clear that

1750(0) [ 22 < C(Jlu(0)]1Z +1).
From Lemma [l and [|u(t)||z2 < ||u(0)]|z2, we have

g [z c([umor+ 1)1

for C = C(||u(0)||z2). Thus, there exists T* = T*(||u(0)||z) and K7 = K1 (||u(0)] 2)
such that if the solution u(t) is defined in Z on [0,7"], with 0 < 7" < T, then

sup [70(t) 3 < Ko
te[0,T"]

Finally, by B4)—-(38), we get

sup [Ju(t)]|% < Ka,
te[0,77)

for some Ko = Ko5(K7) = Ka(]|u(0)]|z). This concludes the proof of Lemmaf[l O

3.2. Construction of local in time solution of the modified KP II equation.
With the local existence result for the regularized mKP II equation and the uniform
bound of Lemmal[6l we are now ready to pass to the limit as ¢ — 0 to build a strong
solution of the mKP II equation.

Proposition 6. For any ug € Y™, there exist T* = T*(||ug||z) such that the IVP
@) has a solution u in the class C([0,T*], HY(R?)) N W1 ((0,T*), H*(R?)) N
L>((0,7%), Z).
Proof. Let ug € Y°°. For a sequence ¢,, — 0, we consider the sequence of solutions
u, of @) in C([0,T*],Y*!), for all k,I > 0, where T* = T*(|lug|z), given by
Lemma[6l Note that by Lemma [6l we also have the uniform bound
(54) sup [lun(t)]lz < K,

[0,7~]

)

and by equation (29)),
(55) sup ||O¢un (t)||ge < K.
[0,7+]

By classical arguments (see for example Lions [I7], Chapter 1), there exists a
subsequence of wu,, still denoted u,, and a function u € L*((0,7*),Z) with
Ovu € L=((0,7%), H*(R)) and w € L>((0,T*), H*(R)) such that

up, —u in L°°((0,T%), H3(R?)) weak x,

Opun, — Opu in L°°((0,T%), H*(R?)) weak *,

Oy 0yu, — w  in L®((0,T%), H*(R?)) weak *,
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as n — +oo. It is clear that w = 9, '0,u since d,u, converges to dyu and
02 (07 10yuy) = Oyu,, converges to dyw, so that d,w = dyu and w € L*(R) im-
plies the result. Note also that by possibly taking a further subsequence,

Oy, — Opu  in LZ ([0, 7] x R?) strong,
9y 0yuy — 0, 0yu  in L2 ([0, T*] x R?) strong,

so that

Opttn, 0y 0y, — Opudy "9yu  in L}, ([0, T*] x R?) strong,

as n — +o0o. Moreover, u € C([0,7*], H*(R?)), and u,,(0) — u(0) in L*(R?) weak
as n — +00, so that u,(0) = up makes sense (see Lemma 1.2 in [I7], p. 7). It
follows from what precedes that u satisfies the IVP (I]). O

Remark 4. At this point we have not made much effort to obtain more information
on the solution u(t), since in the next section, using Bourgain’s results for equation
@) and the Miura transform, we will very easily obtain all the information on u(t).
For example, regularity and uniqueness in a certain class will be straightforward.

4. GLOBAL WELL-POSEDNESS IN THE ENERGY SPACE FOR THE MODIFIED KP II
EQUATION VIA THE MIURA TRANSFORM AND BOURGAIN’S RESULT

4.1. Bourgain’s well-posedness result for KP II equation. Let (a) =
(1+a?)7. Forbe (3,1), 5> 0, we define X** as the completion of the Schwartz
space S(R?) with respect to the norm

(r— €3 +3)1

2
IFllxee = | (r =€+ 350" A+ I + 1) | 1+ —— 3

: F(r,€, p)

2
TEn
(in the previous formula F' denotes the Fourier transform in the three variables
(t,x,y)). For T > 0, we also define X;’b equipped with the norm

: — 2
HFHX,}’b = Gér)l(fs,b {HC¥||)(3,I>7 G =F on [0, T] xR } .
We recall the following result:

Theorem 7 (Bourgain []). There ezists b € (3, 2) such that the following holds.
Let s > 0. For any vo € H*(R?), there exists a function v € C(R, H*(R?)) which,
for any T > 0, is the unique solution of the IVP @) on [—T,T) satisfying

ve X3 NO([-T,T], H*(R?)).
Moreover, if vél),v(SQ) € H*(R?) and vWV(t), v (t) are the corresponding global
solutions of the IVP (), then for all 0 < s’ < s, there exists

1 2

Ky = K (1105”110 6™ 170)

such that

(56) sup (o) = o Ollre < Korllog” = o610
te[—1,1]
Theorem [0 and the introduction of the X*® spaces are due to Bourgain [4].
We also refer to [24] and [19] for related well-posedness results for vy in negative
exponent Sobolev spaces and simpler proofs.
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Remark 5. Note that (B6) does not imply uniqueness of the solution in the class
C(R, H*(R?)), since (56) holds only for the solutions constructed in the theorem.
However, it is easy to see using classical arguments and Lemma [[0] that uniqueness
holds in the class C([~T,T], H%). Indeed, let v(*), v(2) be two solutions of (@) in
C([-T,T), H?) such that v (0) = v®(0) = vy € H3. Then, if w = v — v w
satisfies w(0) = 0 and

Oz (Opw + 8211) + 6wd, oM + 6v(2)8xw) + 35‘511) =0.
By Lemma [I0l with @ = b = 0, we have as usual

d

a/w%ﬁéawwmmm+m¢mmw/w%%
and since ||0,v]|L~ < C||v| g3, by Gronwall’s lemma, we obtain w = 0.

A first consequence of Theorem [7] on solutions of () is the following.

Proposition 8. For any ug € Y™°, there exists a unique solution u € C(R,Y*!),
for all k,1 > 0, of the IVP (). Moreover, if we define v by @), then v is the
unique solution of the IVP [@). Finally, the following holds for all t € R.:

(57) [0 = [
(58) /(Bxu(t))2 + / (a;layu — u2)2 = E(u(t)) = E(uop).

Proof. Let up € Y°>°. We use Proposition [& there exists T* = T*(|jug||z) and a
local solution u of the IVP () in the class C([0,T*], H*) N L>°((0,T*), Z). Let

v = Opu + 0y ' Oyu — u?.
Then v € L*>((0,T*), H®), and by Appendix A, we check that v is a solution of

@. Moreover, d,v = 02u + Oyu — 2ud,u € C([0,T*], H*), which gives a sense to
0,v(0), and 9, v satisfies the Duhamel formula

Duv(t) = W(H)D(0) — 60, /tW(t—t')(vﬁwv)(t’)dt’
0

= 0, {W(t)v(0)6/0 W (t —t")(vdv)(t)dt' |,

where W (t) is the group associated to the linear equation atw+33w+35‘;15§w =0.
Therefore v(t) = W (t)v(0) — 6f0t W(t —t')(v0v)(t')dt', so v e C([0,T*], HT).

By Remark Bl v is the solution of the IVP (@) given by Bourgain’s result. There-
fore, it can be extended to a solution of (@) for all time, and since v(0) € H*, by
Theorem [7 it satisfies v € C(R, H?), for all s > 0.

Let v = —0yu+0;, layu—u2. It follows from Appendix A that v is also a solution
of [@), and similarly ¢ can be extended to a global solution © € C(R, H®), for all
s> 0.

Thus d,u = 3(v—9) € C([0,T*], H>). Moreover, since

Ayu = dp(u?) + %ax(u + ),

by induction, we obtain u € C([0,T*], H*®), and finally since 9, '0,u = u® +
(v + ©), we obtain u € C([0,T7],Y*?), for all k,I > 0. Now, we claim that u
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can be extended to a global solution of the IVP () in C'(R,Y*!), for all k,1 > 0.
Indeed, let T' > T* arbitrary, and let s > 10. There exists C' = C(T, s) such that
sup(o,7y [v(t)lms < C. Thus, by Lemma [ there exists C' = C’(C) such that
sup(o,r+] [u(t)l|z < C, and thus by Proposition [} u can be extended to the interval
[0,T* 4 7], where 7 = 7(C) > 0. Iterating this argument a finite number of times,
u(t) can be extended on [0, 7). Since T was arbitrary, we have proved the claim.

Let us finish the proof of Proposition B by proving (7)) and (G8). First (&)
follows easily from the equation of u and Lemma [I{] since

/u@xuc’?;layu = f% /u28yu = 0.

Second, (B8) follows from the conservation law [v?(t) = [v2(0) and the fact that

/ (0,) (O D) = — / udyu = 0, / (Osu)u? = 0.

Therefore Proposition 8 is proved. O

4.2. Proof of Theorem[}(i)—(v). Proposition[Rlensures the global well-posedness
of the IVP for the mKP II equation for smooth data. Now, using the Miura
transform and Theorem [l we prove uniform estimates in the energy space for
these solutions. We approximate any data ug € £ by a sequence (ugy,), where
g € Y°°, and then pass to the limit as n — 400 to obtain a solution of () in the
energy space £.

Recall that we set

&= {ueI®R), fuls <o}, where [ulle = [deullzs + ulls> + 105 0,ul 2.
The proof of Theorem [ is based on the following lemma.

Lemma 12. There exists § > 0 such that the following is true. Let uél), uéQ) ey
and let M), u® be the unique solutions of the IVP () associated to u(()l) and u((f),
respectively. For all A > 0, there exist 6 = 0(A) > 0 and 7 = 7(A) > 0 such that
if, for j € {1,2},

(59) ||u(j)||Loo((o,T),5) < A, ||u(j)||L°°((O,T),L4) <4,

then

(60) s, 1D (#) = u® ()¢ < Oflul” —uf? e
tel0,T

Proof of Lemma [[2 The proof of Lemma [[2]is based on the Miura transform and
E6) for s =0. Let A >0, and let 7 € (0,1) to be chosen later.
Step 1. Estimates of [[o™M) () — v®)()||12. Let u(,u be the solutions of the

IVP () associated to u(()l), u((f) € Y™, respectively. Assume that u("), u(?) verify
E9). For j =1,2, let

(61) v(t) = 0pu (t) + 0, 0yu (t) — () (1),

and in particular U((Jj) =) (0). Then, by Appendix A v solves the KP II equation
on R and by uniqueness, v\ is the solution given by Theorem [l Note also that

[o§ 112 < C(A).
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In particular, by Theorem [7, there exists a constant 6, = 6;(A) > 0 such that

(62) sup [ () — v® (1)l > < 61|05 — 0§22
t€[0,1]

We have
(63) o) — @) = 3w(u(1) — u(2)) + 8;18y(u(1) — u(2)) _ (u(l) — u(2))(u(1) + u(Z)).
Thus, at ¢t =0,

1 2 1 2 _ 1 2
ol = oz < 10a(ul) — ul) e + 110518, (u — a2
1 2 1 2
s = uSP) D 4+ ul?)| e
1 2 _ 1 2
< () = ul) e + 110518 (u — a2

1 2 1 2
(6 2o+ g ) sy — 26 o
By inequality (8), we have ||w||p1 < ¢ol|w]|g, and so
1 2 1 2 1 2
o = o122 < (14 collud e + g lze) ) llud = ul? e
Thus by assumption (B9,
e = 067 llz> < (14 2¢00) g — " e,
and for 6 > 0 such that cpd < %, we obtain
(64) log” = w6 lz2 < 2y’ — e
Thus by (62), we obtain

(65) sup [0 (t) — o (8)]|2 < 261 [|uf” — ul e
t€0,1]

Step 2. Control of 9, (uV) — u?) and 9519, (u® —u®) in L2, By (63), since
[ 0, w0 0yw = — [ wd,w = 0, we have for all ¢ € [0, 7],
102 (utD (#) = u® ()] 2 + 11050, (uD (£) — P (1)) 2
< () = o@D @)z + (M (#) = P () (D () + (1) 2
< ™) = o (@[] 22 + 2¢00]lu™ (#) — u® (1) ¢
< 201y — ug? e + 2e08]ju® (8) = u () e

Therefore,

09 s {100 - uDOaa + 10:70, V) - uD O)las
€(0,7
< 20, [[u§” — ul?||e +2¢06 sup [uD(E) — uP (8]
tel0,7]

Step 3. Control of u() —u®) in L2. Let m € C$°(R?) be such that
0<m <1, suppm C {[¢* +[u[> <10}, m=1on{|{<1, [uf <1}

We define the operator P on L?(R?) by f)}(&,u) = m(& ) f(&, ). We have
IPfllz2 < fllr> and

IPfllee +10:Pfllee + 10,P fllze + [0:0,P fllzx + [07P fllzr < Cl flz2-
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We set w(t) = PuV(t) — Pu® (1), wy = Puél) - PuéQ). Then w satisfies the
following equation:

Byw + O3w + 39, 102w = 2P, ((u<1>)3 - (u<2>)3) — 6P (8m(u(1) - u<2>)a;15yu<2>)

— 6P ((%u(l)@;l@y(u(l) - u(Q)))
= hy + hg + hs.
Thus, w(t) satisfies

h;(t"at',

3
=1

w(t) = W(t)wo + /Ot W(t—t)

J

where W (t) is the group associated to the linear equation dyw+d;w+3929, 'w = 0.
Recall that |W(t)wol|z2 = ||wol/r2. Thus,

+ 3
1 2
sup w(®)l < o = uf? o+ [ 3 W)l
te[0,7] 0 j=1

From the previous estimate, we claim

67)  sup fw®)]ze < [Jul” —ul |2 + C(A)T sup [fuD () — u@(t)]e.
tc[o,7] telo,7]

Proof of (67)). We need to control three terms. We recall the following Gagliardo—
Nirenberg inequality:

(69) 172 < 5 (10l + 18,7 e)
First, by (68,
[hillze < CllOshallzr + CllOyhallrs
< ClozP (M) = @®)?) [l + ClI9, 0P (M) = (u®)?) |1
< M) = @) g < Clut® = u®| s (Jlu® 3 + |u® s )
< Clu® = u®le (@2 + [u@]2)
Thus,
I (®)llz2 < C(A) 6D = u®e.
Second,
Ihallz = Cllouhlls + Cloyhallpr < ClOLD = u®)07 9,0 1

Cll0a (! = u®)| 12071 0yu? | 12 < C(A)ul) = u@e.

IN

We obtain a similar result for ||hs||r2. Thus (@) is proved.
Step 4. Conclusion of the proof of Lemma[I2l Since, for any f € &,
A, A, 2 A,
113 = [ 72 < [+ [+ 57
we have

£lle <2 (102 fllze + 1070y fllz2) + [P £l e,
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and so gathering (G6) and (G7), we obtain

sup [[uD () —u@(B)e < Cllu” —ulP||e + 408 sup [[u® () —u®(1)]e
te[0,7] te[0,7]

+C(A)T sup ||u(1)(t) —U(Z)(t)Hg.
tel0,7]

Let cod = %; then

S [uD () —u® ()]le < 200u§” —uiP|le + 2C<A>Tt§[%p] [uD () — u® (1) e.

Choose 7 = 7(A) such that 2C(A)7 < 3. Then

(69) sup [|ut (1) = u® ()¢ < 40 ug"” — ug”|le,
te(0,7]
which completes the proof of Lemma O

Now, we finish the proof of Theorem [Ii(i)—(iv). Let up € &, and let (ug,) be a
sequence of Y*° such that ug, — ug in £ as n — 400. Such a sequence is easily
found by using the function m defined in Step 3 of the proof of Lemma[2l Indeed,
let ug,, be such that

tion (&, 1) =m <i Z) G (&, ).

Then ug, € H® for all s > 0, ug, — ug in L? and Oyug, — Ozug in L2. Moreover,

since %ﬂo € Lgu’ ;1 0yupy, is well-defined in H* for all s > 0, by a;layu()n =

m(%, B)&iy. Finally,

T4 p
||(9; ay’u,on — —ﬂ0||L2 — 0

§

as n — 400, and S0 ug, — ug in £ as n — +oo.

For all n > 0, we denote by wu, the global smooth solution of (Il associated to
Ugy, given by Proposition[8 Since ug,, — ug in £, we may assume that for all n > 0,
luonlle < 2||uglle = B. By conservation of mass and energy (B7)—-([B8), we claim
that the following holds true:

(70) Vn >0, sup|u,(t)]e < C(B).
teR

Indeed, it is straightforward from (B7)—(8]) and Lemma [7 that
lun@®llzz < B, [10un(®)]r2 < C(B), 107 8yun(t) — upllrz < C(B).

From these estimates and Lemma [7, we have

105 0yun ()2 < 2llun(t)]24 + C(B)
< 20(Jun ()] 72100 un (t)]| 22105 Dyun(t) || 72 + C(B)
1
< G0 9yua ()] + C'(B),

and so [|0; 1 0yun(t)|| 12 < 2C'(B), so that (Z0) is proved.
Let A > 0 be chosen later. Let

Up(t,z,y) = )\un()\3t, Az, )\Zy).
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Then 4, is still a solution of the IVP (]) corresponding to the initial data
o (w,y) = Mon(Az, \%y).
We have, for all t € R,
lan(®llzs = AT un(®)l|zs < ATC(B).

We choose A = A\(B) > 0 such that A\iC(B) < d, where § is defined in Lemma 2
Such X being fixed, we have, for all n > 0, and for all t € R,

[n (£)le = A2 [fun (8) ][ 22 + A2 [|Datn (t)]| 22 + A2(|0; L0y un ()| 22 < C(B).

By Lemma [I2] there exists 7 = 7(B) > 0, § = 6(B) > 0, such that for all
n,m > 0, we have
(71) sup ||t (t) — @ (t)|le < Ollton(t) — tom (t)]le-

te[0,7]

Thus by uniform Cauchy convergence, there exists @ € C([0, 7], £) such that @, — @
in L*((0,7),€) as n — 4o0. In particular, since @,(0) = g, — U, we have
i(0) = o

Since O, — 0.1, 8;18,/11” — @ in L2, and @, — @ in L*, we have 20,1, —
20,0 and 0,1, 0, 10y, — 0,0, 10yt in L' as n — +oo. Therefore, @ satisfies
equation () on [0,7]. Since 7 depends only on B, and the approximate solutions
are global, we can extend 4(t) to R, to obtain a global solution of (Il in £. We
define u(t, z,y) = A~ ta(A 3¢, A"z, A= 2y). Then, u € C(R,E)NCHR, H2) solves
the IVP (), and is the limit of the sequence (u,,). This proves the existence result.
Theorem [{v) follows from Proposition B

Proof of (i). We know that if v, is associated to wu, by the Miura transform (3],
then v, is the unique smooth solution of (@) with initial data v,(0), given by
Theorem [1 Let vg = dyug + 9, 10yug — ud. By Theorem [T, we known that v,, — v
in L§° (R, L?(R?)), where v(t) is the unique solution of (@) given by Theorem [1
with initial data vg. Passing to the limit in the Miura transform relating w, and

vy, We obtain

v(t) = dpult) + 95 'Oyu(t) — u?(t).
This justifies (i) in the statement of Theorem [[l A similar statement holds for
o(t) = —0,u(t) + 0, *yu(t) — u?(t); see Appendix A.

Proof of (ii). If Oyug € H® and a;layuo € H?, for s > 1, then in particular 9,uy €
H*=1 and so ug € H®, and by d,ug € H® again, we have ug € L>, so that u? € H®.
Therefore vy = dyug + 0, ' Oyug — ug € H*, 09 = —0yug + 95 '0yup — ud € H® and
by Theorem [0 we have v, € C(R, H®).

1

A first consequence is d,u = 5(v — ©) belongs to C(R,H®). Next, we have

for all time %896(1) +0) = Oyu — 2udyu € H*"'. Since s > 1, we have that
O,u € H* implies d,u € L* and by Lemma [l u € &£ implies u € L* and so
udyu € L2 Thus dyu € L?. Since %u € L? and d,yu € L?, we have u € L™, and so
ud,u € H*, so that d,u € H*~'. Thus u € H* and u® € H* as well. Therefore, by
$(v+0) = 8;'0yu —u? € H®, we have 9;'9,u € H*. Continuity in time is easily

obtained by similar arguments.

Proof of (iii). It is a consequence of Lemma [[2] and the scaling argument used for
the proof of existence above.
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Proof of (iv). Let uy, us be two solutions of () in C(R,Y?33) associated to the
same initial data ug € Y33, Then, v1,v2 € C(R, H®) are two solutions of (@) with
same initial data. By Remark [B] concerning uniqueness for the KP II equation, we
have v; = vy. We also have 07 = ¥5. Thus 0,u; = Oyus = %(7)1 — 07), and so
Ul = u2.

5. REMARK ON THE QUALITATIVE BEHAVIOR OF THE SOLUTIONS

The objective of this section is to prove the last statement of Theorem [ con-
cerning the behavior of ¢ — 400 of the solution u(t) of (1) constructed in the
previous section. We state the result in the following proposition.

Proposition 9. Let ug € € and let uw € C(R,E) be the solution constructed in
Theorem [l Then, for any B > 0, the following holds:

(72) lim {(@u(t, z,y))* + (0, 10, u(t, y))? + ui(t, z, y)} dzxdy = 0.

t——+o0 >0t

Remark 6. By similar arguments, the same property is true for H! solutions of the
modified KdV equation ().

The proof is based on variants of the so-called Kato identity first written by
Kato [§] for the generalized KdV equations. We need such identities for both the
KP II and the mKP II equations. Originally, the Kato identity was introduced to
prove a local smoothing effect of the KdV equation. In Martel and Merle [I§], it is
used to study qualitative properties of solutions, such as asymptotic properties in
large time. The Kato identity for KP II was already used in this context in [2] (see
also Saut [23]).

We claim the following lemma.

Lemma 13 (Kato identity for mKP II and KP II equations). Let f = f(x) €
C3(R,R). Let u(t) be a solution of the mKP II equation in £ as given in Theorem
@ Then

(73) % w2f — _3/ [(050)? + (05 Byu — u?)?} ' +/u2f”’.
Let v(t) be a solution of the KP II equation in € as given in Theorem [l Then
(74) % vf = 73/ {(00)? + (071 9yv)? — 403} ' + /vzf”’.

Note that for f(x) = z, if the quantities involved make sense, we have the
following remarkable Virial type relation:

%/qu = —3E(u(0)),

where the energy E(u(0)) is defined in the Introduction.
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Proof of Lemma [I3. Proof of [73]). We have by direct calculations for sufficiently
regular solutions:

Ld [,

§E/uf—/u3tuf

= f/uai’uf73/u8;18§uf+6/u38muf76/u81u8;18yuf
= /azuaguer/u@zuf/+3/8yu8;18yuf

- g/u4f’ +3/u2ayu+3/u2a;18yuf
=5 [@wrr = [wour -3 [@ o2y =5 [y +3 [uo; 0,uf
= —g / {(8,u)* + (9, '0yu —u?)?} f/ + %/qu”’.

For solutions in £ we use a standard density argument and the continuous depen-
dence of the solution upon the initial data.

Proof of [@). It is direct from Bourgain’s arguments that the IVP for the KP
IT equation is well-posed in &€ (see also Appendix in [2]). Such a solution can be
approached by more regular solutions, so that the following calculations make sense:

%%/vzf = /v&tvf
= f/vagvf73/v8;18yvf—6/v281vf
= 5 [wrr -3 [etowrr 5 [ra2 [vr
(]

We are now ready to prove Proposition

Proof of Proposition[@. Let u € C(R, &) be the solution of (1) associated to the
initial data ug € £. Let v € C(R, L?) be the corresponding solution of ({) associated
to uw by the Miura transform

v =0,u+ 0, '0yu—u?, wvy=0(0)e€ L’

Let 8 > 0 arbitrary and let o = 3/2. We define

b(z) = %arctan (eXp (gx» ,

so that limy o ¢ = 1, lim_o, ¢ = 0, and Vx € R, ¢(—z) = 1 — ¢(z). Note that by
direct calculations

(75) ¢'(x) = —) ¢"(x) <
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For ty > 0, we will use the following two quantities:
I, (t) = /uQ(t7 x,y)p(x — o(t + to))dzdy,
T, () = /ﬁ(t, 2, 9)6(x — ot +to))dwdy.
Roughly speaking, I;,(t) and J;,(t) measure the quantity of the L? norm of u(t),
respectively v(t) for = > o(t + to).

First, we use Iy, (t). Let & = x — o(t + to), so that I;)(t) = [u?(t . By
Lemma [I3] and then (7H]), we have

Gl® = =3 [ {02+ @ 0u— w2} o(@) + [0 () 0 / w9/ (2)
@ 0 -2} 6(3) - 3 [ (@)

Integrating this inequality between 0 and %y, we obtain

IN
|
w
—
—~
&
S

to
(76) Iy (to) +3/ / a u)? + (0, 1 0yu — u?)? + %uQ}gb’(:E)dt < I1,(0).

Since ¢(z) is increasing, we have

I, (0 / 20,2, 9)¢(x—oty)drdy < d)( )/ / 2(0, z, y)dxdy,

and then
tgllg»loo Ito (0) =0.
In particular, we get from ([76])
lim Ito (to)) =0, and so lim u?(to, x, y)dzdy = 0.
to—+ to=+0 /o> a0to=Bto

But ([f6) contains more information: we also have

(77) lim /to / {(8,u)® + (9, '0yu — u?)® + u?} ¢/ (Z)dt = 0.

to——+o00 0

We now use Jy, (t). We claim the following:

(78) Ji, (to) — Ji, (0) < C/O ' /v2¢’(;z)dt

Note that in the previous inequality, all terms make sense for an L? solution. How-
ever, to prove (7)), we will use quantities that are defined only for solutions in &.
Therefore, to justify (78] rigorously for all L? solutions, we would use a density
argument. For the sake of simplicity, we make the calculations directly on v(t), as
if it were in £. By Lemma [I3] and (78), we have

dtJtO() = —3/{(8xv)2+ 9, 0y0)? — P} ¢/ (3 /v2¢”’(:%) 70/1}2(;5’(:%)
73/{(8xv)2+ 9, o) — P} ¢/ (3

IN
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To treat the nonlinear term [ v*¢/(Z) that has no sign in the previous inequality,
we need the following Sobolev type inequality:

) [ve@rzc ( / v%’@f ( [ {@0r + @ 0,07 +?) ¢'<oz>)2 ,

which is a direct consequence of Lemmal[fl and arguments in [2], Proof of Claim 1.
Then, for ¢ > 0,

! [ @) < ( / v4<¢1'<5c>>2)% ( / ) |
=0 (/”2‘?5/(@)4 (/{(3zv)2+ (071 0y0)2 + 07} ¢/() ) (/& :
ce! (/”2)§ (/{(3x”)2+(3w13y”>2+v2}¢’(f)) + = [ @).

Therefore, since [v? is constant in time, choosing ¢ > 0 small enough, we obtain

d

EJto(t) < K/v2¢’(5c).

IN

Integrating between 0 and ¢(, we obtain (7g)).
Since [v?¢/(%) < 2 [ {(8,u)? + (05 '0yu — u?)?} ¢/ (), we obtain

to
oo () < i (0) + 2K/ /{(8xu)2 + (07 0,0 — )} ¢ ().
0
From limy, 400 Jt,(0) = 0 and (7)), we conclude
toll}}rloo Jto (to) =0.

Finally, we have

Tolte) = [ (0ru+ 07100~ w?)Po(@)

[ @ + @0 0, - ) o12)
+2 / (0pudy * Oyu)p(F) — 2 / u?0pud(I).
On one hand,
/ (0,u0; 10, u)(F) = — / ud,ud (&) — / O 0, ud (7) = — / w010, ud (),

and since

< (/“2¢>/(5¢)>é </(5‘118yu)2¢'(5)> e (/u%@))é

(we have used ¢’ < C¢), this term converges to 0 as tg — +00. On the other hand,

/(%uuzd)(:i) = *%/U3¢I(5)a

[ o o0
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and since

’ [usal<(/ W(i))é (/ u4¢’<:ﬁ>)§ <o/ u%s@))%,

this term also converges to 0.
Finally, since (9;10,u)? < 2(9; '0,u—u?)?+2u*, and since limy, oo [ ut$(Z) =
0 as before, we obtain

lim /{(mu(to))"’ + (05 "0yulto))’} ¢(2) = 0,

to—+o0

which proves ([[2). O

APPENDIX A

In this Appendix, we prove the following property:
Lemma 14. (i) If u(t,z,y) is a solution of
(80) Oy + Ou + 30, ' 0ju — 6u”dpu + 60,ud; " dyu =0,
then

o(t,x,y) = Opu(t, z,y) + 0, "0yul(t, z,y) — u*(t, z,y)
and
O(t,2,y) = —Opult, ,y) + 05 Oyult,z,y) — u?(t,z,y)
are both solutions of
02 (0 + 020 + 6VOL V) + 3651) =0.

(ii) If u(t,z,y) is a solution of
(81) Opu + adiu + bagu + 3u + 38;18§u — 6u?0,pu + 60,ud,  Oyu = 0,
then v(t,z,y) = Oyu(t,z,y) + 0, 10 u(t, z,y) — u?(t,x,y) is a solution of
(82) 0z (80 + adyv + bOyv + O3v + 6vI,v) + 30;v

_ 1, {a <8§(8IU)2 _ ;(@fu)z) +b <8§(8yU)2 - ;(35102)} .

Proof of (i). We set w = 0, '0,u — u?, so that d,w = dyu — 2ud,u. Then, the
equation of u can be written as follows:

Opu + O2u + 33;185u = —6wdyu.
Since —6wd,u = —60, (wu)+6ud,w = —60, (wu) — 49, (u®)+ 30, (u?), we also have
(83) Oyu + O+ 39, ' 0ju = —60, (wu) — 40, (u”) + 30, (u?).
By 0, '0u = d,w + 0, (u?), we also have the following form of equation (80):
(84) Ou + Ou = —6wdyu — 30, (u?) — 30,w.

Both formulations (83)) and (84]) will be useful in what follows.
First, we claim the following equation for w(t, z,y):

(85) D (0w) + 2(8,w) + 30, 1 92(0,w) = =302 (w? + (Dpu)?) .
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Proof of @H). Since d,w = dyu — 9, (u?), we have
O (0pw) + 85 (0w) + 30,1 02(0w) = 0y [Opu + Pou + 30, ' 0;u]
(86) — O [2u(Byu + B3u) + 30, (0,u)*] — 30 (u?).
Therefore, using ([83]) and ([84]), we obtain
0t (0pw) + 92(0w) + 30, 1 02(0w) = 9,0y [—6uw — 4u*] + 30, (u”)
+20, [6uwdyu + 3udy(u?) + 3udyw]| — 302(0,u)? — 30, (u?)
= —60; [(Oyu — 2ud,u)w] — 302(9,u)? = =392 (w? + (9,u)?) .
Thus (8F) is proved.
Since
(87) Or(02u) + 93(0%u) + 38;185(8310 = —602 (wipu) ,
we have for v = O,u + w,
(88) 9¢(0zv) + 02(0,v) + 30, 10 (9,v) = =302 ((w + dpu)?) = =302 (v7),

so that v satisfies ([80). We check that © = —9,u + w is also a solution.
The proof of (ii) is very similar, however because of the parabolic terms, there
are still terms depending on « in the equation of v. In this case, (86 becomes

O (0pw) + ady(Dpw) + b0y (Opw) + 03 (Dpw) + 30, ' 03 (Dpw)
= 0y [Oru + adju + bIyu + Oju + 30, 'O, u]
—0y [2u(Opu + adju + b(');lu + 03u) + aF + bG + 30, (9,u)?] — 38§(u2),
where F = 03 (u?) — 2udju and G = 20;(u?) — 2ud;u. We have

F =2 [403ud,u + 3(02u)*] = 4 |02(0,u)® — %(&%u)g .
Similarly, G = 4 [02(9yu)? — (d7u)?]. We finish the proof of (ii) as for (). O

APPENDIX B. PROOF OF THEOREM

We repeat the argument of Theorem 1.IT in [26]. Let V € L? N L! be such that
Ve + [IVlzr < ao.
First, we prove the existence of W € L such that

(89) ZW +o,W = -V(1+W),

by a contraction argument. Note that taking the Fourier transform of (89)), it is
sufficient to find W = F € L! such that

(90) (=24 ip)F = — <f/ + (271T>2V*F> .

Thus, we set, for F; € L',

U - —f(& ) (f/+ ! V*F),
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where f(&, 1) = —§++w We have f = f; + fo € L' + L? (indeed, Siujer Ifl < o0
and [,

s |2 < 00). Thus, by Holder and Young inequalities,

19F) e < Walles IV + IV Fill | + 1 fallze V1122 + 1V % Fyl 2]

< CU+ R IVl + V2]
< COU+IFN) IVl + VI

Moreover,
19(F) = W(F)llzs < CIF = Ballps [IV e + V)22

Therefore, if ag is small enough, W is a contraction in By o = {F € L' : |F|[: < 3}
Thus, there exists F' € L', with ||[F||,: < 1, such that ([@0) is satisfied. Define
W e L™ such that W = F; then W satisfies (89) and |W ||z~ < ﬁHF”Ll < g5
Since V is real-valued, it is clear that W is also real-valued.

Now, we obtain more properties on W. Since W € L' and V € L? N L>®, we

have from (@0)
€%+ ip||[W| = (¢ + p?)2 W] € L2N L.
Thus | —£)*W € L2N L and |u|W € L? N L>°, which first implies 92W, 9, W € L2.
Moreover,
[eme <@ [ <o,

and so 9,W € L? (by Lemmal[l we also have 9,W € L%).
We set Z = In(1+ W), since |W| < <&, Z is well defined and in L>. Moreover,

/2
o g OW g W RW (W
TU14+w YT 1+ w14+ W 1+W )’

and s0 0,7 € 12, 8,7 € I*, 927 € L* and 827 + (9,2)? = L. Thus by (9,
we obtain the following equation for Z:

(91) O2Z + 0yZ 4+ (0,2)* = —V.
Finally, we set U = —0, 7, so that U € £ and
(92) 0,U + 9, 0,U —U? = V.

APPENDIX C. PROOF OF SOME NONISOTROPIC SOBOLEV INEQUALITIES

In this Appendix, we prove the following inequalities, for 2 < ¢ < 6 (the case
g = 2 is trivial and ¢ = 6 is an endpoint case that we do not consider here; see [I]):

6-q P a2
(93) (0070 < Klwll 3 100017105 oyl 5
Let 2+ = 1. We have £ < ¢ < 2 and [|[¢)[|s < Clli|| o - But,

) 2)é|¢(€m)ll

’

q

0t < (1414 ’g

14 €]+ |2
<+'5' +‘£
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2\ — 5L
For 2 < ¢ < 6, we claim f(l + €)% + ‘g‘ ) 7" d¢dn < 4o00. Indeed, considering
the region £ > 0, n > 0, and changing the variable n’ = —L— we have

£(14+€2)2
/ (1 FE?+ ‘ﬂ
£>0,m>0 f

Since zﬁ—lq, > %, the integral in 7’ is finite, and since the power of £ at +oo is

’
q

2\~ 14 2335
> dédn = / %dfdnﬁ
€00 (14 q2)77

2 — 22:1;, < —1, the integral in & is also finite (¢ = 6 is critical), which proves the

claim.
Thus, by Holder inequality, it follows from (@4]) that

[llze < K ([9llz2 + 102t L2 + 105 0yl 2) -

The multiplicative form (@3)) is easily obtained by scaling arguments.
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